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Abstract
The decay width of b → cccℓνℓ has been computed as an expansion in limit (1 − 3
mc
mb
) ≪ 1 with
zero lepton invariant mass. Considering O(α2s) corrections to b → cℓνℓ with zero invariant lepton
mass, inclusion of our result is shown to rectify the disagreement between the expansions around
(1− mc
mb
)≪ 1 and mc
mb
≪ 1 at smaller values.
2I. INTRODUCTION
Recent experimental and theoretical progress in measuring the semileptonic b-quark decay width Γ(b→ Xℓνℓ) has
allowed us to measure fundamental parameters such as |Vcb| with good accuracy. The theoretical precision of this
decay relies in part on good knowledge of perturbative QCD corrections which include two relevant scales and are
thus challenging to calculate. In papers [1, 2] order O(α2s) corrections to this decay have been presented as series in
terms of small parameters m
M
and (1− m
M
) respectively, in the kinematic limit of zero lepton pair invariant mass with
m = mc and M = mb. This present work is targeted to reconcile those two expansions in the region m <
M
3 where
the expansion in [2] was missing the contribution of the process b→ cc¯cℓν¯ℓ.
In this paper we present the contribution of this decay mode as a series in δ = 1− 3m
M
, and demonstrate that with
this correction the results of [2] match those of [1] to within 1% in almost the whole allowed region.
In the section II we will present relevant details of the calculation and introduce notation used, section III will be
used to discuss the obtained expansion.
II. DECAY WIDTH OF b→ cccW
∗
As shown in [1], the decay width dΓ(b→ cccℓνℓ)/dq2 in the limit of zero lepton invariant mass, q2 → 0, is equivalent
to dΓ(b → cccW ∗) with m(W ∗) = 0 up to a constant factor. The two Feynman diagrams that contribute to this
process along with notations for particle momenta are shown in Fig. 1. We define its width as
FIG. 1: Tree-level Feynman diagrams contributing to b→ cccW ∗
Γ(b→ cccW ∗) =
∫
(2π4)
2M
〈|MT |2〉dR4(pb; pc2, pW , pc1 , pc), (1)
dRn(p0; p1, . . . , pn) = δ
4(p0 −
n∑
i=1
pi)
n∏
i=1
d3pi
(2π)32Ei
. (2)
Introducing Q = pc1 + pc and U = Q+ pW , we can factorize the phase space element as follows:
dR4(pb; pc2 , pW , pc1, pc) = dR2(pb;U, pc2) (3)
× dU2(2π)3dR2(U ;Q, pW )dQ2(2π)3dR2(Q; pc1 , pc)
To integrate the matrix element 〈|MT |2〉, we introduce the small parameter δ = 1− 3mM , with δ = 0 corresponding
to the threshold of the decay and δ = 1 limiting the radius of convergence of the expansion due to IR divergences.
Comparing the relative scales of different combinations of momenta we may expand the denominators as follows:
1
(pb − pW )2 −m2 =
1
8m2
− 2(pc1 · pc +Q · pc2 − 3m
2)
(8m2)2
(4)
+
4(pc1 · pc +Q · pc2 − 3m2)2
(8m2)3
− . . . ,
1
(pW + pc2)
2 −M2 = −
1
4m(M −m) −
2(pc1 · pc − pb ·Q −m2 + 2Mm)
(4m(M −m))2 (5)
− 4(pc1 · pc − pb ·Q−m
2 + 2Mm)2
(4m(M −m))3 − . . .
3Since this expansion is done at threshold the decay products from each two particle decay are produced almost at
rest, which allows us to expand scalar products e.g. pc1 · pc → m2, pb ·Q→ 2Mm, and Q · pc2 → 2m2.
Now the denominators contain only constants so the phase space integrals are easier to deal with. After taking
traces and expanding the propagators the R2 integrals are all in the form∫
dR2(P ; q1, q2)(P · q1)a(P · q2)b. (6)
We treat those integrals as explained in [3](Sect.III.A). The decay width now becomes:
Γ(b→ cccW ∗) =
∫ ∫
dU2dQ2
2π4
2M
X1(Q
2)X2(Q
2, U2)X3(Q
2, U2)〈|MT |2〉(U2, Q2) (7)
with
X1(Q
2)
(2π6)
=
∫
dR2(Q; pc1 , pc),
X2(U
2, Q2)
(2π6)
=
∫
dR2(U ;Q, pW ),
X3(Q
2, U2)
(2π6)
=
∫
dR2(p0;U, pc2). (8)
The remaining integrals over U2 and Q2 have limits 4m2 < U2 < (M −m)2 and 4m2 < Q2 < U2. We introduce
x1, x2 ∈ [0, 1] such that Q2 = 4m2(1 + ωx1) and U2 = 4m2(1 + ωx1x2), with ω = 3δ(4−δ)4(1−δ)2 , and X1,2,3 become:
X1 =
π
2
√
w
√
x1x2
√
1
1 + ωx1x2
, X2 =
π
2
ωx1(x2 − 1)
1 + ωx1x2
, X3 =
2πm√
3M
√
w
√
1− x1
√
1− δ
2
4
− x1δ
4
(4− δ) (9)
Since ω ∼ δ and 0 ≤ x1, x2 ≤ 1 the term ωx1x2 is small and can be used as an expansion parameter in the first two
volumes. The last square root in the third volume can also be expanded because of the small terms that depend on
δ. These expansions simplify the integrals over x1 and x2 to well known forms so that they can easily be carried out.
III. RESULTS
Here we present several terms in the expansion of the result in δ.
Γ(b→ cccW ∗) = Γ0α2sCFTRYc, (10)
Yc =
√
3
4π
δ6
(
4
5
+
83
70
δ +
7
80
δ2 +
11
224
δ3 +
753
1120
δ4 . . .
)
, (11)
where CF =
4
3 and TR =
1
2 are color factors in SU(3), Γ0 =
GF |Vcb|2M3
8
√
2π
, and GF =
g2
w
√
2
8M2
w
.
Fig. 2 shows functions Xc of [1] and ∆c of [2] (as given in [1]) along with ∆c + Yc with our expansion (11) taken
to δ14 all depending on m
M
. The good agreement of the solid curves is an indication of the consistency of expansions
in [2] and [1].
IV. CONCLUSION
In this paper we presented a computation of the decay width Γ(b → cccW ∗) in the limit (1− 3m
M
) ≪ 1. The
inclusion of our result to O(α2s) corrections computed in [1, 2] closes the gap between the two calculations with a
maximum discrepancy of 2.5% due to a limited number of terms calculated in the expansions. This, once again, shows
that expansion methods are a powerful tool in dealing with multi-loop and multi-scale problems.
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FIG. 2: Comparison of results from previous papers. The dashed line shows the expansion about m
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